This paper generalizes and tightens the analytical upper bounds of Chen and Yeh (2002) for American options under stochastic interest rates, stochastic volatility, and jumps where American option prices are difficult to compute with accuracy. We first generalize Theorem 1 of Chen and Yeh (2002) and apply it to derive a tighter upper bound for American calls when the interest rate is greater than the dividend yield. Our upper bounds are not only tight, but also converging to the accurate American call option prices when dividend yield or strike price is small or when volatility is large.
I. Introduction
American options require numerical methods, such as lattice methods, to provide accurate price estimates. The valuation problem is very time-consuming and difficult when multiple state variables are involved. For example, the options under stochastic interest rates, stochastic volatility, and jumps involve four random factors and require expensive lattice models. Another complex example is pricing an American option whose payoff depends on more than one underlying asset. For these situations, tight analytical upper bounds can provide useful benchmark values and control variates for the correction of numerical errors.
Option pricing bounds are useful, because (1) they provide qualitative properties of options, (2) they can be used to screen market data for empirical research, (3) they shed light on hedging, and (4) they are generally obtained with the least assumptions on the investor's preferences and the distributions of the underlying asset prices.
Option pricing bounds may be derived by (1) eliminating simple dominance among different portfolios, (see Merton (1973) ) (2) applying a linear programming approach, (see Garman (1976) , Ritchken (1985) , and Ritchken and Kuo (1988) ) (3) using some mathematical inequalities such as Jensen's inequality and Cauchy's inequality, (see Lo (1987) , Boyle and Lin (1997) , and Chen and Yeh (2002) ) and (4) using second-order stochastic dominance (see Levy (1985) and Constantinides and Perrakis (2002) ).
Probably due to the difficulty in dealing with the early exercise problem, the work on American option pricing bounds is limited. Carr, Jarrow, and Myneni (1992) derived an upper bound for American put options under the Black-Scholes economy, while Broadie and Detemple (1996) developed upper and lower bounds using the capped call option pricing technique (i.e. an American call option is a simple dominant portfolio of the capped call). Although the bounds provided by Carr, Jarrow, and Myneni (1992) and Broadie and Detemple (1996) are generally tight, their upper bounds are not in analytical form (except under the Black-Scholes economy) and require numerical techniques. Chen and Yeh (2002) provided analytical form upper bounds that are applicable to general American options, e.g. American calls on dividend paying stocks, American calls on futures, American puts on dividend paying stocks, and American puts on futures. Moreover, their upper bounds rely neither on the distribution of the state variable, nor do they rely on continuous time trading.
Although Chen and Yeh's (2002) analytical form upper bounds are very general, they can be applied only in the case where the interest rate is greater than the dividend yield. Their upper bounds may be inadequate for options on several underlying assets, because it is likely to happen that some underlying asset have a dividend yield larger than the risk-free rate. In contrast, this article provides two general theorems which can be used to derive upper bounds for American options under general situations, including the case where the dividend yield is larger than the risk-free rate. As a demonstration, we apply our general theorems to derive upper bounds for American calls when the interest rate is smaller than the dividend yield, for American exchange options, and for American maximum options on multiple risky assets.
We contribute to the literature on option pricing bounds in several ways. First, previous papers on option bounds concentrated on European options with a single underlying asset or a single state variable. In contrast, we provide upper bounds for American options whose pricing involves several risky assets and/or several risk factors (e.g. stochastic interest rates, stochastic volatility, and jumps) for each asset price process. Secondly, our upper bounds are not only tight, but also converging to the accurate American call option prices when dividend yield or strike price is small or when volatility is large. Thirdly, we correct typos in Chen and Yeh (2002) and provide numerical results to investigate the tightness of their upper bounds and the tightness of ours. The numerical results indicate that our upper bounds are generally tighter than those of Chen and Yeh (2002) .
The rest of this article proceeds as follows. Section II provides a general analysis for obtaining upper bounds of American options. In this section two general theorems for developing American upper bounds are introduced. Section III discusses upper bounds under stochastic interest rates, stochastic volatility, and jumps using the inversion Fourier method. This method was used by Heston (1993) , Scott (1997) , Bakshi, Cao, and Chen (1997) , and Chen and Yeh (2002) , etc. We also derive upper bounds for American exchange options and American maximum options under the Black-Scholes economy in this section. Section IV provides numerical results to analyze the tightness of our upper bounds. Section V concludes the paper.
II. General Analysis
Theorem 1 of Chen and Yeh (2002) shows that an American option is bounded from above by the risk-neutral expectation of its maturity payoff if this expectation is greater than the intrinsic value at all times.
1 This theorem is very general and the only 1 Following Chen and Yeh (2002) , all expectations are taken under the risk-neutral measure throughout assumptions required are that (i) the risk-neutral measure exists and (ii) the nominal risk-free rate is strictly positive. We restate Theorem 1 of Chen and Yeh (2002) as follows:
Theorem 1 of Chen and Yeh (2002) An American option is bounded from above by the risk-neutral expectation of its maturity payoff if this expectation is greater than the intrinsic value at all times.
Theorem 1 of Chen and Yeh (2002) This article will extend the idea of Chen and Yeh in a way that it is not necessary to use the maturity payoff ( ) of the American option to derive the upper bound.
Instead, we replace with other functions in our generalized Theorem 1, which can be applied to derive tighter upper bounds. Note that both their theorem and our theorem are proved by a discrete approximation similar to the lattice approach. The results will hold in continuous time as
A. The Generalized Theorem 1
The Generalized Theorem 1 of Chen and Yeh (2002) Let T be the maturity of the option contract. Define ( ) ( ) ( ) 
c. . 
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American Call Options on Dividend Paying Stocks (when
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Moreover, when the strike price is very small or when volatility is very large, both the accurate American call option price and our upper bound will converge to the current stock price. 
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American Exchange Options
An exchange option is an option to exchange one asset for another. The payoff from 
as follows: and Stulz (1982) . Stulz (1982) showed that many contingent claims, for example ption-bonds, compensation plans, risk sharing contracts, etc., have a payoff function the maximum or inimum of two risky assets. The payoff of a European call option on the maximum 2 q .
American Maximun Options on Multiple Risky Assets
Options on the maximum or minimum of two risky assets were first introduced by o which includes the payoff function of a put or a call option on m of two risky assets is Chen and Yeh (2002) , it is straightforward to show that the expected value of the maturity payoff at any arbitrary time t is an upper bound of the American maximum option, because its value is always greater than the early exercise value, i.e.,
However, the above upper bound is sustained only when the dividend yields of all risky assets are smaller than the risk-free rate. e follows our Theorem 2, it is easy to rove that the expected value of the following function is also an upper bound of the
There are many points worth discussing. First of all, although the following function satisfies conditions a. and c. of Theorem 2, it does not satisfy condition b. of Theorem , and thus it is not an upper bound of the American maximum call option:
Secondly, our upper bound is valid for any As a demonstration, this paper will derive another upper bound for the American maximum options using our Theorem 2. If on p American maximum option: 
, and as long as , e.g.
. Thirdly, our upper bound is not necessarily smaller than that derived from 1 of Chen and Yeh (2002) . The reason is due to the fact that the st ice in our
) is smaller than the strike price in Chen and Yeh's upper bound (K ). However, our upper bound is tighter small. When both upper bounds are applicable, one can take the minimum of both upper bounds as the upper bound of the American maximum option price. Finally, our than Chen and Yeh's upper bound when the dividend yields of all risky assets are upper bound will converge to the accurate American call option price under some circumstances, e.g. when the dividend yield or strike price is very small. Johnson (1987) and Boyle and Tse (1990) further extended the analysis of Stulz to the pricing of European maximum options on n risky assets under the Black-Scholes conomy. The payoff of a European call option on the maximum of n risky assets is e
Similarly, one can apply our Theorem 2 to show that the expected value of the following function is an upper bound of the American maximum option on n risky assets:
t under the Black-Scholes economy where interest rates and dividend yields constant, the above upper bound is actually the price of a European call option on
and , and adjusted strike price . Therefore, the analytical Tse (1990) are directly applicable to our upper bounds. oth Chen and Yen's upper bounds and our upper bounds have analytical solutions price models. In fact, as long as a European option has an analytical lution under a model, both upper bounds also have analytical solutions under the s VSIJ model) in the single asset cases. However, we apply the Black-Scholes model The Black-Scholes model has been extended to an environment under the stochastic e, He on (1993), Scott 977), and Bakshi, Cao, and Chen (1997) . Following Chen and Yeh (2002) , we interest rate, stochastic volatility, and jumps; see for exampl st (1 assume that the stock price process is log normal and the drift and diffusion of the stock price process follow the square root processes,
( ) 
To solve for the two probabilities and parame ate with the processes. Finally, t dW dW t t = and the interest rate process is assumed to be independent of the stock and the variance processes.
Note that the processes v and y are strictly po they follow the square root processes. The upper bound of the American call options is 
, and λ and are market prices of risk associated with Plugg g (8) into e , 
According the inversion theorem, probabilities and characteristic functions have the (14), but with two diffe t characteristic functions as follows:
, where , and
. Jumps has been well documented that the jump component is important for pricing stock
3
It and stock index options. The jump-diffusion model was first introduced by Merton (1976) and then used by Bates (1991) , Bakshi, Cao, and Chen (1997 ), and Scott (1997 ), etc. Following Bakshi, Cao, and Chen (1997 , we assume the following jump-diffusion process: Bakshi, Cao, and Chen (1997) and Scott (1997) show that if jumps occur . Multiple Asset Cases ptions on Dividend Paying Stocks Margrabe (1978) valued an option to exchange one asset for another, which is calle 1 exp T u f − + = µ λ independently with the stock price level and interest rates, then the characteristic function of the jump component can be combined with the characteristic function of the diffusion component. Therefore, the characteristic functions are respectively multiplied by the original functions of (14) or (17) Margrabe (1978) shows that the price of the European exchange option is: 
American Options on Maximum of Two Risky Assets
nder the Black-Scholes economy, Stulz (1982) derived the closed-form solution for a European call option on the maximum of two risky assets as follows: 
As stated in the previous section, our upper bound for the American maximum call option is actually the price of a European maximum call option with adjusted initial stock prices and adjusted strike price. Therefore, it follows a similar formula, i.e.
IV. Numerical Results
interest rates, volatility, and jumps model are not correct. The correct formulae are shown in Appendix A. The numerical results in Chen and Yeh (2002) 
A. Correct Numerical Results in Chen and Yeh (2002)
The pricing formulae for Chen and Yeh's (2002) upper bounds under the stochastic We report the correct numbers in their Table 1 and Table 2 to show the tightness of their upper bounds. The results are presented in Table 4 . We find that when the dividend yield is larger than the risk-free rate our upper bounds are not as tigh .
t as the ase where the dividend yield is smaller than the risk-free rate. The results are r Am e dividend yield is zero.
Black-Scholes economy c expected, because our upper bounds work best (i.e. no error) fo erican calls when th
D. American Exchange Options
Pricing American exchange options is a two-dimensional stochastic problem under the . Bjerksund and Stensland (1993) ρ , and time to ma turity τ . Bjerksund and Stensland (1993) showed that the following relationship holds: Note that both the drift term and the volatility parameter related to the second asset is zero. Therefore, the left-hand side of the above equation corresponds to the price of an erican call where the underlying asset has current value t S 1 , risk-adjusted drift o analyze the tightness of our upper bound, we need benchmark values of American ge options. We apply the adaptive mesh model of Figlewski and Gao (1999) to alculate the American exchange option price using the one-dimensional solution of Bjerksund and Stensland (1993) . The number of time steps in the adaptive mesh model is 10,000. The parameter values are adopted from Chen, Chung, and Yang (2002) 
. American Maximum Call Options ws:
S , to 1% larger than the accurate prices in general. It is also true that our upper bounds are tighter than Chen and Yeh's (2002) . In Panel B where the dividend yield of asset one is larger than the risk-free rate, Chen and Yeh's upper bound is not available while ours is still workable. However, our upper bounds are not as tight as the case in Panel A. The results are consistent with our argument that our upper bounds are tighter when dividend yields of the u a sm
E
We finally investigate the tightness of our upper bounds for American maximum call options on two dividend paying stocks. We use the lattice model of Chen, Chung, and Yang (2002) to calculate the accurate price of American maximum call options. The number of time steps in the lattice is limited to 1,000, because it is a two-dimensional lattice. To correct the numerical errors due to the chosen medium number of time steps, we employ the control variate technique of Hull and White (1988) From Panel A of Table 6 , we find that our upper bounds are also quite tight for oney American m rices in-the-m aximum options. Our upper bounds are about 2% larger than the accurate p in this case. As the options become out-of-the-money, our upper bounds are looser than the previous case, but the error is still smaller than 6%.
It is also interesting to know that our upper bounds work well for in-the-money cases while Chen and Yeh's (2002) work well for out-of-the-money cases. Moreover, Chen and Yeh's upper bound is not available while ours is still workable in Panel B where the dividend yield of as ger th e able 6 confirm our previous claim t set one is lar an the risk-free rate. Generally speaking, th results in T hat our upper bounds are tighter when ividend yields of the underlying assets are small. rices when dividend yield or strike rice are small or when volatility is large.
he only required inputs to implement our upper bounds are the risk-neutral processes the extremely complicated case where the ricing of American options depends on multiple risky assets and multiple risk factors tness of our upper d
V. Conclusion
Following the framework of Chen and Yeh (2002) , we derive upper bounds of American option prices. These upper bounds are especially useful when there are several state variables involved in the pricing model. Our upper bounds are closed form when the counterpart European option has a closed-form solution. Our upper bounds are very general in the sense that they do not rely on distribution assumptions or continuous trading. Moreover, our upper bounds are not only tight, but also converging to the accurate American call option p p T of the state variables. This is not a problem, because of the recent advances in empirical derivatives research. For example, one can apply the implied binomial tree approach of Rubinstein (1994) and its many extensions, such as Derman, Kani, and Chriss (1996) , Jackwerth (1997) , Britten-Jones and Neuberger (2000) , etc., to obtain the risk-neutral process of the stock price. See Jackwerth (1999) for an excellent review on option-implied risk-neutral distributions and processes.
Our upper bound is still feasible even in p (e.g. stochastic interest rates, stochastic volatility, and jumps) for each asset price process. In this case one can apply standard Monte Carlo simulations to calculate the expected value of our upper bound, which is computationally more efficient (and may be tighter) than other upper bounds generated by other complicated Monte Carlo methods.
8 This issue is left for future research.
In future research, we would like to empirically compare the tigh the simultaneous determination of the optimal exercise boundary.
bound with those generated by other approaches, e.g. Carr, Jarrow, and Myneni (1992) and Broadie and Detemple (1996) . Although the upper bounds developed by them are based on the Black-Scholes economy, they can be extended to general distributions with slight modifications. Finally, we like to know if the risk-neutral processes of state variables are implied by the European option prices, and how often the American ption prices may violate our upper bounds. The results will shed light on the o efficiency of option markets.
Appendix

A. Correct the Typos of Chen and Yeh (2002) A1. Derivation of the Futures Price
Guess the futures price as follows:
By Ito's lemma, we obtain the following PDE for F: 
A2. Derivation of the Characteristic Functions of Calls
Guess the upper bound of calls as follows:
The PDEs for the probabilities become: 
The solutions to , , and ( 
A3. Derivation of the Characteristic Functions of Puts
Guess the upper bound of puts as follows:
where is the same as calls and is the probability obtained in the forward measure. The PDE for the becomes: 
The solutions to , , and are: 
A4. Derivation of the Characteristic Functions of Futures Options
Guess the upper bound of futures calls as follows,
The upper bound of futures puts is as follows:
The PDEs for the probabilities become: ( )
Plug in the guessed solution for the characteristic functions and obtain a series of ODEs as follows: The solutions to and ( 
.
, we can show that: Next, we will show the characteristic functions of our upper bound. Guess the following form for the characteristic functions:
Plug in the guessed solution for the characteristic functions and obtain a series of ODEs: 
C. Derivation of the Characteristic Functions of Upper Bound of Calls When
Plug in the guessed solution for the characteristic functions and obtain a series of ODEs: The stock price is 100, the initial volatility is 0.04, the risk-free rate is 0.05, the dividend is 0.03, the time to maturity is one year, and other parameters are: 
